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Grozjo Stanilov, Ognian Kassabov
The axiom of θ-holomorphic 2-planes is introduced. It is proved, that if an almost
Hermitian manifold satisfies this axiom for a fixed θ ∈ (0, pi/2), then it is a real space
form.
LetN be an n-dimensional submanifold of a 2m-dimensional almost Hermitian manifold
M with Riemannian metric g, almost complex structure J and curvature tensor R. Let
∇˜ and ∇ denote the covariant differentiations on M and N , respectively. The second
fundamental form σ is a normal-bundle-valued symmetric 2-form, defined by σ(X, Y ) =
∇˜XY −∇XY , where X, Y ∈ X(N). The submanifold N is said to be totally umbilical,
if σ(X, Y ) = g(X, Y )H , H being the mean curvature vector of N , i.e. H = (1/n)traceσ.
In particular, if σ = 0 N is called a totally geodesic submanifold of M . For X ∈ X(N),
ξ ∈ X(N)⊥, we write ∇˜Xξ = −AξX + DXξ , where −AξX (resp. DXξ) denotes the
tangential (resp. the normal) component of ∇˜Xξ. A normal vector field ξ is said to be
parallel, if DXξ = 0 for each X ∈ X(N).
An almost Hermitian manifold M is said to be a Ka¨hler manifold if ∇˜J = 0. A
Riemannian manifold (resp. a Ka¨hler manifold) is called a real space-form (resp. a
complex space-form) if it is of constant sectional curvature (resp. of constant holomorphic
sectional curvature).
An n-plane α in a tangent space Tp(M), p ∈M , i.e. an n-dimensional linear subspace α
of Tp(M) is said to be holomorphic (resp. antiholomorphic) if α = Jα (resp. α ⊥ Jα).
An almost Hermitian manifold M is said to satisfy the axiom of holomorphic 2n-planes
(resp. 2n-spheres) if for each point p ∈ M and for any holomorphic 2n-plane α in
Tp(M) there exists a totally geodesic submanifold N of M (resp. a totally umbilical
submanifold N of M with nonzero parallel mean curvature vector) such that p ∈ N
and TpN = α. By changing the holomorphic 2n-planes with antiholomorphic n-planes,
we obtain the axiom of antiholomorphic n-planes (resp. n-spheres).
The second author has proved in [2]:
1
2Th e o r em A. Let M be a 2m-dimensional almost Hermitian manifold, m ≥ 2. If
M satisfies the axiom of holomorphic 2n-planes or 2n-spheres for some fixed integer
n, 1 ≤ n < m, it is an RK-manifold (i.e. R(X, Y, Z, U) = R(JX, JY, JZ, JU) for all
X, Y, Z, U ∈ X(M)) of pointwise constant holomorphic sectional curvature.
Th e o r em B. Let M be a 2m-dimensional almost Hermitian manifold, m > 2. If M
satisfies the axiom of antiholomorphic n-planes or n-spheres for some fixed integer n,
1 < n ≤ m, it is a real space form, or a complex space form.
For the case of a Ka¨hler manifold see e.g. [1, 3, 4].
For a 2-plane α in Tp(M) the angle ∢(α, Jα) ∈ [0, pi/2] between α and Jα is defined by
cos∢(α, Jα) = |g(x, Jy)| ,
where {x, y} is an orthonormal basis of α. Then α is holomorphic (resp. antiholomorphic)
if and only if ∢(α, Jα) = 0 (resp. ∢(α, Jα) = pi/2). In general, if ∢(α, Jα) = θ, α is
called a θ-holomorphic 2-plane. Now we propose the next axiom:
Axiom of θ-holomorphic 2-plane (resp. 2-spheres). For each point p ∈ M and for any
θ-holomorphic 2-plane α in Tp(M) there exists a totally geodesic submanifold N of M
(resp. a totally umbilical submanifold N of M with nonzero parallel mean curvature
vector) such that p ∈ N and Tp(N) = α.
T h e o r em. Let M be a 2m-dimensional almost Hermitian manifold, m ≥ 2. If M
satisfies the axiom of θ-holomorphic 2-planes or the axiom of θ-holomorphic 2-spheres for
a fixed θ ∈ (0, pi/2), then M is a real space-form.
Proof. Let p ∈ M and x, y be arbitrary unit vectors in Tp(M), such that x ⊥ y, Jy.
Then the 2-plane α with a basis {x, Jx cos θ+y sin θ} is θ-holomorphic. Let N be a totally
umbilical submanifold of M with parallel mean curvature vector, such that p ∈ N and
Tp(N) = α. From the Codazzi’s equatian
{R(X, Y )Z}⊥ = (∇Xσ)(Y, Z)− (∇Y σ)(X,Z)
for X, Y, Z ∈ X(N), where {R(X, Y )Z}⊥ denotes the normal component of R(X, Y )Z
and
(∇Xσ)(Y, Z) = DXσ(Y, Z)− σ(∇XY, Z)− σ(Y,∇XZ)
it is easy to find
(1) R(Jx cos θ + y sin θ, x, x, Jy) = 0 ,
(2) R(Jx cos θ + y sin θ, x, x, Jx sin θ − y cos θ) = 0 .
We change x by −x in (1) and combining the result with (1) we derive
(3) R(Jx, x, x, Jy) = 0 .
On the other hand, from (2) and (3) we obtain
(4) H(x) = K(x, y) ,
where
H(x) = R(x, Jx, Jx, x) K(x, y) = R(x, y, y, x) .
3It follows from (4) that
(5) H(x) = H(y) .
Let m > 2 and u, v be arbitrary unit vectors in Tp(M). We choose a unit vector x in
Tp(M), such that x ⊥ u, Ju, v, Jv. According to (5)
H(u) = H(x) = H(v)
i.e. M is of pointwise constant holomorphic sectional curvature. Let c = H(x). Using (4)
we conclude that M is of pointwise constant antiholomorphic sectional curvature c.
Now, let β be an arbitrary 2-plane in Tp(M) and let ∢(β, Jβ) = ϕ. Then it is easy to
prove, that β has an orthonormal basis {x, Jx cosϕ+y sinϕ}, where x, y are unit vectors
in Tp(M), x ⊥ y, Jy. Then the sectional curvature of β is
K(β) = R(x, Jx cosϕ+ y sinϕ, Jx cosϕ+ y sinϕ, x)
and using (3), (4) and (5) we find K(β) = c. Now the assertion follows from the Schur’s
theorem.
If m = 2, let T = R− cpi1, where c = H(x) and
pi1(x, y, z, u) = g(x, u)g(y, z)− g(x, z)g(y, u) .
Then from (3), (4) and (5) we obtain easily T = 0 and consequentlyM is a real space-form.
Co r o l l a r y. Let M be a 2m-dimensional Ka¨hler manifold, m ≥ 2. If M satisfies
the axiom of θ-holomorphic 2-planes or the axiom of θ-holomorphic 2-spheres for a fixed
θ ∈ (0, pi/2), then M is flat.
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